ABSTRACT
INTRODUCTION
In calculus of variations, instead of attempting to locate points that extremize function of one or more variables that extremize quantities called functional, functions of functions that extremize the functional are found [1] . Also in the finite element process an approximate solution is sought to the problem of minimizing a functional. The concept of the finite element approach to elasticity as a process in which the total potential energy is minimized with respect to nodal displacements can obviously be extended to a variety of physical problems in which an extremum principle exists. The two concepts are combined in this study. Zienkiewicz and Cheung [2] applied similar approach to solve continuum problem expressed in derivative format employing the concept of functional minimization with FEM.
Above all, there are many problems encountered in engineering and physics where the minimization of the integrated quantity usually referred as functional and subject to some boundary conditions results in the exact solution.This functional may represent a physical recognizable variable in some instances, for many purposes it is simply a mathematically defined entity.
The geometry of field quantities or continuum may be a problem to close form solution of field functions encountered in engineering and science that appropriate algorithm becomes necessary to obtain optimum solution, it is then necessary to employ calculus of variation principles and FEM to obtain optimum continuum field functions whose boundary conditions are specified. The engineering field continuum problems can be basically in form of wave phenomenon, diffusion phenomenon and potential phenomenon usually represented by hyperbolic, parabolic and elliptic differential equations respectively [3] . The objective of this study is therefore to present a methodical approach to solve multiple dimensional field problems using integrated variational and FEM approach to establish relations for all elements functional of continuum where the minimization of the elements functionals system and solution are expected to give the stationary values of the function which extremize the functional.
THEORETICAL BACKGROUND
A finite element model of a two dimensional quadratic function is expected to present a methodical approach to employ for solution of multidimensional field functions that may have regular or irregular field regions. Zienkiewicz and Cheung [2] presented Euler theorem to approximate field functions if the integral or functional of the form . is to be minimized. The necessary and sufficient condition for this minimum to be reached is that the unknown function u (x, y, z) should satisfy the following differential equation 
where u = unknown function assumed to be single valued within the region k x , k y , k z , Q = specified functions of x, y, z x, y, z = space variables
The equivalent formulation to that of equation (3) is the requirement that the volume integral given below and taken over the whole region, should be
subject to u obeying the same boundary conditions.
For two dimensional differential equation representing some physical quantities then
For the case of our interest, the equivalent functional to be minimized for 2-D Laplace model reduces to
The finite element version of an integrated functional is obtained and minimized with respect to degrees of freedoms of the associated elements. The element functional equations are assembled and boundary conditions applied, resulting in a system of equations equal to the number of unconstrained degrees of freedoms of the continuum.
FINITE ELEMENT METHOD (FEM)
Euler variational minimum integral theorem was applied with the procedure of [4] on the general equation governing the behavior of field functions presented by [2] to develop a finite element version of elements functions functionals. The elements function functionals are minimized with respect to degrees of freedoms in the finite element method of assembly are applied to obtain the system model that is solved for the field of function . Basic approaches to achieve finite element solouttion of continuum are also available in [5-8}.
Formulation of Finite Elements Equations
The elements functional of the study are derived for each element and minimized using equation (6) . Minimization of element functional entails finding the partial derivatives of the element functional at its nodes. The contributions of each element nodes are established and added for all continuum nodes to obtain the finite element model of the system. The formulation of finite element model starts by choosing the element type and then choosing the approximation polynomial coefficients are determined for establishing the element equations from where the interpolation functions for u are established for all elements. This function u is used then employed in finding the finite element model of the elements functionals from where the sought functions are found.
Discritization and element topology description
The region is discretized into 16 triangular elements with 26 degrees of freedom and assuming displacement in the global system of coordinate (horizontal direction only) only as in Figure 1 elements topologies are described in Table 1 for the establishment of element interpolation functions for the functional equations for the finite element minimization scheme. 
Recall that the approximation function is given as
Comparing (5) and (6) we evaluate shape and interpolation function thus 
Comparing ( 
so that 
Substituting (22) 
By differentiating w.r.t.u 14 ,u 1 ,and u 4
Element 3 interpolation and functional equation formulation
By assuming a linear approximation polynomial of the form
and passing (26) through the nodes then 
Recall that the approximation function or interpolation function is expressed as: 
Element 5 interpolation and functional equation formulation
By substitutingg the first partial derivatives of the element 4 interpolarion functions in (12) with dxdy = A =57mm 
Element 6 interpolation and functional equation formulation
By similar procedures as above, 
Element 7 interpolation and functional equation formulation
Element 8 interpolation and functional equation formulation
Element 9 interpolation and functional equation formulation
Element 11 interpolation and functional equation formulation
SYSTEM ELEMENTS ASSEMBLY ALGORITHMS
The algorithms for element assembly involves the addition of all elements contributing to minimization dX e du , this leads to system of equations that equals the degrees of freedoms in the continuum, the derivatives are then added in a special format called assembly. There are 15 effective degrees of freedoms for the assembly of 16 elements 
ELEMENTS EQUATIONS ASSEMBLY
All the partial derivatives resulting from the minimization scheme with respect to the fifteen (15) active degrees of freedom (DOF) are added as follows the superscripts on these equations denote element sources: = -0.214u 1 -0.5u 2 -0.2u 3 + 0.914u 1 5 (89)
APPLICATION OF BOUNDARY CONDITION
In this work a special case where displacements at the boundaries are limited to 0.5mm for an irregular continuum is considered to predict continuum displacement, strain and stress functions, while the constrained conditions are taken as zero so that by equating u 14 = u 15 = 0 and u 2 = u 5 = u 6 = u 8 = u 10 = u 13 = 0.50 , (75 -89) transform to the following: 
SOLUTION AND POST PROCESSING FOR CONTINUUM FUNCTION
The following nodal displacements in mm are further evaluated by first evaluating u 3 = 0.222 from (91) so that other nodal values of the displacement function is as presented in Table 2 . The first partial derivatives of the interpolation function evaluated with active degree of freedom in of element with respect to the x axis gives the slope of the function and also gives the value of the strain as presented in Table 2 . The computations are achieved with sixteen elements interpolation functions associated with the elements global coordinate axis. The strains so computed may be used with Hooke's law of elasticity to predict the stress distribution function at the respective nodes when the elastic modulus is known from literature. The stress prediction model of a material within the elastic limit is expressed as
where Е = modulus of elasticity
The excel graphics of FEM result using Table 2 of Figure 2 shows a serious indication that the minimum value of the function is between node 14 and 15 hence another extremization method is needed to point at which point of the region is this extremum. 
DISCUSSION AND VALIDATION OF RESULTS
Regression analysis was carried out on FEM results to obtain a unified model for elements function interpolation. The regression model so obtained is further used to transform the element functional equation to aid extremization of FEM results.
Regression Analysis
Multiple linear regression analysis was carried out on finite element results to obtain the following model for the region. Table 2 and Figure 2 show the variation of the function within the region. Continuum fluid elements in heat and mass transfer operations associated with pipeline transportation can elegantly be analyzed following the procedure of this work. The FEM developed can be applied in the evaluation of the stress distribution in irregular shaped continuum whose boundary conditions are specified such as in the evaluation of displacement in structures and solid mechanics problems, evaluation of temperature distribution in heat conduction problems, evaluation of displacement potential in acoustic fluids ,evaluation of pressure in potential flows ,evaluation of velocity in general flows, evaluation of electric potential in electrostatics and in evaluation of magnetic potential in magnetostatics.
Extremization of Functional: Extremization by Lagrange Multipliers Approach
In order to further analyse the FEM results, the functional, of any element is transformed to a function of (x, y) using the regression model of (107) to obtain: χ f x, y 0.000042x 0.0017y 0.000059x 0.00034y 0.00015xy 0.00847 108 The prediction of functional, χ with (108) are presented in Table 4 using excel package to draw conclusion with the FEM and multiple linear regression results of Table 3 . Tables 3 and 4 are compared for u , up and their functional, χ are found approximate.
Extremization by Lagrange gradient search approach
The extremum conditions for continuous and differentiable functions are defined [1] as follows: 
